LESSON- 1
Introduction:

[Ref: Consult your Text Book, Chapter –I, III:  pp - 1- 18, 53-71]

Statistics is as old as human civilization. The people have been using statistics in various fields but they did not know it. There are various definitions of statistics in the text book,   the simpler definitions of statistics is as follows:

Definition: 

Statistics is a subject which deals with:

	i) 
Collection of data

ii) 
Processing of data

iii) 
Analysis of data

iv)
Interpretation of the results




From the definition it is evident that the central point of the subject statistics is data. So, we have to define what is data? 

Data: 

It is an information  about some  objects, materials or phenomena. As for example, information about a school may be:

	a. Number of students = 500
b.
Number of teachers = 15

c.
Number of Employees = 5
d.
Number of class rooms  = 10 



The above information on 4 characteristics of the school are data on a School. 

Similarly we may have data on a person as:
Age of the person: 35 years

Height of the person:  
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Weight of the person: 75 kg

Result in Graduation:  First Class.

Exercise-1.1:
	Students are asked to set 5 more examples of data:

i)

ii)

iii)

iv)

v)


Types of data: 

There are various types of data. 

Firstly the data can be divided into two types: quantitative data & qualitative data.

Quantitative data: 

The data which are presented by numerical figures are called quantitative data.

Examples-1.1:  

	i)    No of students : 600
 
ii)    Length of table : 4.5 ft.


v)   Breath. a Brick :  5 inch
           vi)   Qualifying Marks : 50%


Exercise-1.2:
	Students are asked to set 5 more examples of Quantitative data:

i)

ii)

iii)

iv)

v)


Qualitative data: 

The data which corresponds to quality of some objects or phenomena are called qualitative data.

Example-1.2:  

	i)    Result  of students : first class
 ii)    Grade of a hotel: Five star

iii)  Occupation : Farmer                     iv)     Hair color :  Black


Exercise-1.3:
	Students are asked to set 5 more examples of Qualitative data:

i)

ii)

iii)

iv)

v)


Secondly the data can be divided in two parts: One is continuous data and others is discrete data.

Continuous data: 

If we assign some numerical values (information) for certain character or some objects or items and if there remain no space between two values, then this type of data is called continuous data.
Example: 

Heights of the People of Bangladesh.

 There are 14 core people and each of them have heights. If we plot this height in a graph paper, there remains no space between two values of Heights of the people. So, this data on height is continuous data. 

Similarly:

Length, breadth & weights are also the example of continuous data.

Exercise-1.4:
	Students are asked to set 5 more examples of  Continuous  data:

i)

ii)

iii)

iv)

v)


Discrete Data: 

If the values are assigned to some character of an object or item & there remains some space between two values then it is called discrete data

Example-1.3:
 No. of babies in a family. It may be 0, 1, 2…… so on. It is seen that there remain infinite points between any two values. So number of babies are the example of discrete variable. 

Similarly: 

 no. of students in an institution,
 no. of shirts, 

no. of books 

etc are also the example discrete variable. 

Exercise-1.5:
	Students are asked to set 5 more examples of discrete data:

i)

ii)

iii)

iv)

v)


Again the data can be divided into two parts:  Time series data and Cross section data.

Time series data: 

The data which provides information corresponding to different time period is called time series data 

Example: 

 Income of a family at different years. Import of a country at different years. School enrolment of an institution at different years etc are the example of time series data.

Exercise-1.6:
	Students are asked to set 5 more examples of  Time series data:

i)

ii)

iii)

iv)

v)


Cross section data: 

When the data provide information of a phenomenon of different places at a particular point of time is called cross section data.

Example: 

Enrolment of various institutions at a particular year. 

Imports of various counties at a particular year.  

Income of various families in a particular month 
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etc. are the example of  cross-section data.

Variable: 

The data and the variable are very much closely related to each other. Variable can be defined as a character which can assume different value over time and space. 

Example:

Height is a variable which takes different values from man to man

Weight is a variable as it takes different value from object to object. 

Color is a variable as it varies from man to man & object to object.

Like data, variable can be classified as:
Qualitative & quantitative variable

Continuous variable & discrete variable

Time series and cross-section variable.

  Example of Quantitative Variable: 
Height, weight, length & breadth, no. of students family size etc

Exercise-1.7:
	Students are asked to set 5 more examples of Quantitative Variable:

i)

ii)

iii)

iv)

v)


Example of Qualitative Variable: Sex, Class, Color, Division, Occupation, Result etc.
Exercise-1.8:
	Students are asked to set 5 more examples of Qualitative Variable:

i)

ii)

iii)

iv)

v)


Example of Continuous Variable:   Height, weight, length & breadth.
Exercise-1.9:
	Students are asked to set 5 more examples of  Continuous Variable:

i)

ii)

iii)

iv)

v)


Example of Discrete Variable
:      No. of Schools,   No. of Students etc 

Exercise-1.10:
	Students are asked to set 5 more examples of  discrete Variable:

i)

ii)

iii)

iv)

v)


Example of Time series Variable:   Monthly Rainfall, Yearly Import & Export etc.
Exercise-1.11:
	Students are asked to set 5 more examples of Time Series Variable:

i)

ii)

iii)

iv)

v)


Example of Cross section Variable:  Income of different families at a particular man,
                                                           Enrolment of schools etc.
Exercise-1.12:
	Students are asked to set 5 more examples of Quantitative Variable:

i)

ii)

iii)

iv)

v)


Exercise-1.13:
	Students are asked to set 5 more examples of Cross - Section Variable:

i)

ii)

iii)

iv)

v)


	Summary of Variable:  

Quantitative Variable
            VS
Qualitative Variable

Continuous Variable
 
VS
Discrete Variable

            Time series Variable

VS
Cross section Variable 


Tabulation:
One of the simplest and most revealing devices for summarizing data and presenting them in meaningful fashion is the statistical table. 

A table is a systematic arrangement of statistical data in columns and rows. Rows are horizontal arrangement, whereas columns are vertical ones.

 The purpose of a table is to simplify the presentation and to facilitate comparisons. The simplification of results for the clear-cut and systematic arrangement, which enables the reader to quickly locate desired information. Comparison is facilitated by bringing related items of information close together.

Parts of a Table:

The various parts of a table may very from case to case depending upon the given data. But a good table must contain at least the following 8 parts:

	1
	Table number
	5
	Body of the table

	2
	Title of the table
	6
	Head note

	3
	Caption
	7
	Foot note

	4
	Stub
	8
	Sources of data


Table number: 

Each table should be numbered. There are different practices with regard to the place   where this number is to be given. The number may be given either in the centre at the top above the title or in the right side of the table at the top or at the middle of bottom of the table or on the left-hand side.

Title of the table: 

Every table must have a suitable title. The title is a description of the contents of the table.

Caption:

 Caption refers to the column headings. It explains what the column represents. It may consist of one or more column headings.

Stub:

As distinguished from caption, stubs are the designation of the row or row headings.

Body: 

The body of the table contains the numerical information. This is the most vital part of the table. Data presented in the body arranged according to descriptions and classifications of the captions and stubs.

Head note: 

It is a brief explanatory statement applying to all or a major part of the material in the table, and is placed below the title entered and enclosed in brackets.

Footnotes: 

Anything in a table which the reader may find difficult to understand from the title, captions and stubs should be explained in footnotes. 

Source of Information: 

For better understanding sources of data should be mentioned.

Graphical Representation of data:
One of the most convincing and appealing way in which data may be presented is through graph /chart. The pictorial presentation helps in quick understanding of the facts and figures. Again the charts have greater memorizing effect as the impressions created by them last much longer than those created by the figures.

There are three types of graph to present a table:

	  a) Bar diagram

  b) Line chart

c) Pie chart




Bar diagram: 
Bar diagrams are the most common type of diagrams used in practice. A bar is thick line whose width is shown merely for attention. They are called on-dimensional because it is only the length of the bar that matters and not the width. When the number of observations is large, lines may be drawn instead of bars to economies space. However these bars can be extended vertically or horizontally which is proportional to the magnitude of the characters. 
Example–1.4:   let us consider a primary school having 6 classes and their corresponding students are as follows:

	Class
	Baby
	I
	II
	III
	IV
	V
	Total

	No. of Student
	100
	120
	100
	80
	60
	40
	500


This data can be presented by a Bar Diagrams as follows:
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Here 1 in the X-axis represents the class baby, 2 represent class I , 3 represents class II, 4 represents class III, 5 represents class IV and 6 represents class V. 
Line Chart: 

The columns are raised vertically along Y- axis which is proportional to the number of students. 
To draw a line chart we have to take a graph paper and select some points in X-axis at an equal distance to represent the sub division of a character / variable. In the Y-axis the number corresponding to each sub division of character or it proportionate values are placed. Joining these points by a scale, we can have graph which is known as line chart.   Using the data given in example-1, a line chart can be drawn as follow:
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Pie-Chart: 

To draw a pie-chart, we have to draw a circle in a plane paper and draw radius in the right side parallel to the X-axis and it is considered to be initial line. Then draw different angles to the left of the initial line which are proportional to figures (n!) as follows: 
 Angle = 
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Using the data of example-1, a pie chart may be drawn as follows:
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1,2,3,4,5,6 represent the no. of students of baby, class I, class II, class III, class IV and class V respectively.
Exercise-1.14: 
Data given below are students of Southeast University in 6 semesters. Present these data using (a) Bar diagram (b) Line chart (c) Pie-chart.
	Semesters
	1st
	2nd   
	3rd  
	4th   
	5th 
	6th 
	Total

	No. of students
	119
	212
	333
	386
	270
	431
	1751


Exercise-1.15:
Data given below are the students of Southeast University at different programs as the first two years. Present these data using (a) Bar diagram (b) Line chart (c) Pie-chart.
	Programs
	BBA
	MBA
	MBA
 (dis)
	Islamic

studies
	CSE
	ICT
	Law
	Diplomas

	No. of students
	660
	279
	249
	251
	233
	45
	44
	84


Exercise-1.16:

 Data given below are the dropout of the students of a secondary school in 2002. Present these data using (a) Bar diagram (b) Line chart (c) Pie-chart. 

	Classes
	VI
	VII
	VIII
	IX
	X
	Total

	Students dropout
	50
	39
	35
	25
	20
	169


LESSON- 2
Frequency Distribution

[Ref: Consult your Text Book, Chapter –III:  pp - 83- 88]
By the word frequency we mean, repetition of an item/ observation. If the data are presented by the   observation and their corresponding frequencies, this presentation is called frequency distribution.

Example-2.1:
 Distribution of marks in Mathematics of  80 students.

	Marks
	15
	25
	35
	45
	55
	65
	75
	85
	95

	No. of  Students
	5
	7
	10
	12
	15
	13
	10
	5
	3


   Here Marks and their corresponding no. of students who got these Marks are presents simultaneously which is the example of frequency distribution.

Exercise-2.1:

	Students are asked to present three example of frequency distribution.




How to prepare a frequencies distribution:

 To prepare a frequency distribution the following steps to be under taken:

i. First calculate the range of the data i.e. difference between highest and lowest value.

ii. Divide the range in 5 to 10 equal groups which is known as class interval, then calculate their mid values.

iii. Take each observation and put tally mark against the appropriate class interval.

iv. Count the number of tallies and got the frequencies and then compute its cumulative.

v. The whole table is known as frequenting distribution tables.

Example- 2.2: 

Weekly wages of 50 industrial workers are given below: construct a frequency distribution: 

45,
48, 
62,
70,
52,
1 20,
104,
135,
130,
77 

75,
85,
80,
78,
89,
95,
90,
92,
37,
43 

25,
42,
32,
31,
30,
140,
124,
105,
51,
52

112,
127,
56,
63,
69,
63,
61,
 67,
66,
65

64,
68,
121,
99,
78,
62,
73,
 65,
 89,
114

	Class Interval
	Mid value

      (x)
	Tally Marks
	Frequency

      (f) 
	Cumulative frequency (F)

[image: image541.jpg]T/(n

" k4
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directly above the mean . For large values of o, the curve tends to flatten out
and for small values of o, it has a sharp peak.



Less-than              Greater than

	 25       -         49
	37.5
	////  ////
	9
	9
	50

	 50       -          74
	62.5
	////  ////  ////  ///
	18
	27
	41

	 75       -          99
	87.5
	////    ////   //
	12
	39
	23

	 100      -         124
	112.5
	////  //
	7
	46
	11

	 125       -        149
	137.05
	////
	4
	50
	4

	Total
	
	
	       50
	
	


Exercise -2.2: 

Weekly wages of 70 industrial workers are given below: construct a frequency distribution taking the class interval 25-44, 45-64, 65-84, 85-104, 105-124, 125 -144. 

64,
68,
121
99,
78,
62,
73,
 65,
 89,
114

45,
48, 
62,
70,
52,
120,
104,
135,
130,
77 

75,
85,
80,
78,
89,
95,
90,
92,
37,
43 

25,
42,
32,
31,
30,
140,
124,
105,
51,
52

45,
48, 
62,
70,
52,
120,
104,
135,
130,
77 

112,
127,
56,
63,
69,
63,
61,
  67,
66,
65

64,
68,
121,
99,
78,
62,
73,
   65,
 89,
114

Exercise -2.3: 
Weekly wages of 90 industrial workers are given below: construct a frequency distribution taking the intervals: 30-49, 50-69, 70-89, 90-109, 110-129, 130-149. 
57,
95,
87,
49,
89,
84,
125,
115,
145,
130 

64,
68,
121,
99,
78,
62,
73,
 65,
 89,
114

45,
48, 
62,
70,
52,
120,
104,
135,
130,
77 

75,
85,
80,
78,
89,
95,
90,
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37,
43 

35,
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32,
31,
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140,
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45,
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62,
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77 

112,
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56,
63,
69,
63,
61,
  67,
66,
65

64,
68,
121,
99,
78,
62,
73,
   65,
 89,
114

148,
119,
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39,
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95,
120,
59,
91,
47


Exercise-2.4:
Weekly wages of 60 industrial workers are given below: construct a frequency distribution taking suitable class intervals. 

112,
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66,
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64,
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78,
62,
73,
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89,
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Exercise- 2.5:   
Weekly wages of 50 industrial workers are given below: construct a frequency distribution. 
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2. Graphical Representation of Frequencies Distribution 

We can present the frequencies distribution in three ways:

	Frequency Polygon               Histogram                      Ogive Curve


i.
Frequency Polygon: 

It is a graph which is drawn by taking mid values of the class intervals in the X-axis and corresponding frequencies in the Y-axis.  Join the first point with the lower limit of the first class interval and last point with the upper limit of the last class interval.

ii
Histogram: 
It is a graph, which is drawn by taking class interval in the X-axis and their frequencies Y-axis.

iii.
Ogive Curve: 

It is a curve which obtained by taken upper limit of the class interval in the X-axis and corresponding cumulative frequencies in the Y-axis and joining the points by freehand curve.

Exercise-2.6: 

Present the frequency distribution of Exercise-3.2 using (a) Frequency Polygon, (b) Histogram, (c) Ogive curve. 

Exercise-2.7: 

Present the frequency distribution of Exercise-3.3 using (a) Frequency Polygon, (b) Histogram, (c) Ogive curve. 

Exercise-2.8: 

Present the frequency distribution of Exercise-3.4 using (a) Frequency Polygon, (b) Histogram, (c) Ogive curve. 

Exercise-2.9: 

Present the frequency distribution of Exercise-3.5 using (a) Frequency Polygon, (b) Histogram, (c) Ogive curve. 

LESSON-3
Central Tendency

[Ref: Consult your Text Book,   Chapter –IV:  pp - 99- 107, 121-125]

Concept:

When a large number of data are observed, it is seen that most of the data have the tendency to center around a particular point. This point is called central value and the tendency of data to center around this central value is called central tendency of data.

The process, which is used to find out the location of this central value is called the measures of central tendency. Some times we call it as measures of location. There are three measures of location: 

	Mean  

         Median


  Mode  




 Mean:
There are three types of mean.

	Arithmetic Mean (AM)

Geometric Mean (GM) 

Harmonic Mean (HM)


Arithmetic Mean (AM):
 It is the simple average of the observations. Mathematically, if 
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The formula which is presented in the box is for raw data.
Example-3.1: The savings (Tk) of a family in 5 consecutive months are: 


  3000,

3500,

4000, 

3200,

4400


    Calculate the average saving of the family.

Solution:

 The formula of AM:      
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Exercise – 3.1: 
The Expenditure (Tk) of a family in 5 consecutive months are: 


 10,000,
13,500,
15,000, 
13,200,
14,400


   Calculate the average expenditure of the family 

Exercise – 3.2: 
The Income (TK) of a family in 5 consecutive months are: 


  13,000,
15,500,
17,000, 
15,200,
17,400


    Calculate the average income of the family 

Arithmetic mean from grouped data:
 When the data is given in the form of frequency distribution, then the AM is calculated using the formula 
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Where 
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 is mid value of a class interval, f is its corresponding frequency; n is the total no. of observations i.e. 
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Example-3.2: 
Data given below are the marks of 50 students:

	Class interval:
	0-20
	20-40
	40-60
	60-80
	80-100
	Total

	Mid value (x):
	10
	30
	50
	70
	90
	

	No. of students(f):
	7
	10
	20
	8
	5
	50

	C. frequency (F)
	7
	17
	37
	45
	50
	 

	f.x
	70
	300
	1000
	560
	450
	2280
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 Exercise-3.3: 
Data given below are the marks of 70 students, calculate A.M using shortcut method.
	Class interval:
	0-20
	20-40
	40-60
	60-80
	80-100
	Total

	No. of students(f):
	10
	12
	30
	10
	8
	70


Geometric Means (GM): 

It is generally used to measure the rate or growth etc. The GM of the n observation is the n-th root of the product of the observations.
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Example-3.3: 

If the growth rate of a population in the consecutive three years are
              2.5, 

2.7, 

3.1

 then their GM= 
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Exercise-3.4: 

If the growth rate of a population in the consecutive five years are:
2.5, 
2.7, 
3.1,
2.2,
2.4

Calculate the GM of the growth rate.

Exercise-3.5: 

If the growth rate of a population in the consecutive seven years are:
2.6,
2.8,
2.5, 
2.7, 
3.1,
2.2,
2.4

Calculate the GM of the growth rate.

Exercise-3.6: 

If the growth rate of a population in the consecutive six years are:
2.6,
2.8,
2.5, 
3.1,
2.2,
2.4

Calculate the GM of the growth rate.

GM for grouped data:

 For frequency data GM will be calculated using the formula

	          GM = 
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       where n = 
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Where x’s are the observation and f’s are their corresponding frequencies.

Example- 3.4: 
The rate of growth of a population for the first 2 months is 2.3, next 3 months is 2.4, next 4 months 2.6 & the last 3 months is 2.5. What is the mean growth rate of the population?

Solution:

The mean rate of growth can be calculated using formula of GM:

     GM = 
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   where n = 
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So that GM=
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Exercise--3.7: 
The rate of growth of a population for the first 3 months is 2.5, next 4 months is 2.6, next 2 months is 2.1 & the last 3 months is 2.4. What is the mean growth rate of the population?

Exercise --3.8: 
The rate of growth of a population for the first 4 months is 2.3, next 4 months is 2.7, next 3 months is 2.2 & the last months are 2.7. What is the mean growth rate of the population?

Harmonic Mean (HM): 

It is generally used to measure the average of speed or acceleration etc.

HM is defined as the reciprocal of the AM of the reciprocals of the observations.
i.e. if x1, x2, .............xn, be the n observation then their HM  is calculated using the formula
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Example-3.5: 

 There were four buses which were running at a speed of 50, 45, 55& 60 KM/H.
What is the average speed of the buses? 

Solution: 

The average speed of the buses can be calculated using the formula:
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Exercise-3.9:

The speed (M/H) of a bus per hour in 5 consecutive hours are: 40, 45, 42,   47 & 46. What is the average speed of the bus?
Exercise-3.10: 

The speeds (M/H) of a bus per hour in 6 consecutive hours are: 

48,  
47,  
46,   
49, 
44,    
 45 

What is the average speed of the bus?
HM for Grouped data:
For a frequency distribution, the HM is calculated using the formula.
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               where  n = 
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Example- 3.6:

 The speed of 50 motor cars are recorded as follows:
	Speed(km / H)
	45
	50
	55
	60
	65

	No. of cars
	8
	10
	15
	10
	7


Calculate the average speed of the buses

Solution:
The average speed of the buses can be calculated using the formula of HM
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Exercise- 3.11:

 The speed of 40 motor cars are recorded as follows;

	Speed (KM/ H)
	45
	46
	47
	48
	49

	No. of cars
	6
	8
	13
	8
	5


Calculate  G.M & H.M from the above data.
Exercise- 3.12:

 The speed of 60 motor cars are recorded as follows;

	Speed (KM/ H)
	55
	56
	57
	58
	59

	No. of cars
	8
	11
	23
	12
	6


Calculate the average speed of the buses

LESSON-4
[Ref: Consult your Text Book,   Chapter –IV:  pp- 107- 120]

Median:

Median is the middle most value when the data are arranged in order of magnitude. 

Thus for odd no. of observation:
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For even number of observations:


 average of the 
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Example-4.1:

The prices (Tk) of five shirts are as:


500,
550,
450,
350,
700

Calculate the median price of the shirts.

Solution: 

To calculate the median price of the shirts, the prices are arranged in order of magnitude as:   
350,
450,
500,
550,
700

According to the definition  



Median =  
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  = 500.

Exercise- 4.1:

The expenditure (Tk) of a family in 5 months are as:


3500,
 4550,
  4450,   4350,   4700

Calculate the median expenditure of the family.

Exercise- 4.2:

The expenditure (Tk) of a family in 7 months are as:


5000,   3500,
 6000, 
4550,
  4450,   4350,   4700

Calculate the median expenditure of the family.

Median from grouped data: 

For a grouped data the observation within a group is assumed to be uniformly distributed. So, we can assume that 
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 observation is the median of the distribution. Hence the median can be calculated using the formula: 

	    
[image: image40.wmf]m

m

m

l

C

f

F

n

x

Med

´

÷

ø

ö

ç

è

æ

-

+

=

-

1

2




Where
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Example-4.2:
Calculate median marks of the following data.
	Marks
	0-20
	20-40
	40-60
	60-80
	80-100

	No. of  students (f)
	10
	15
	25
	13
	7

	C. freq (F)
	10
	25
	50
	63
	70


For large n median is approximately the (n/2)th observation.

Hence    
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                 = 40+8 = 48

Exercise -4.3: 
Data given below are the daily expenditure (Tk) of 60 industrial labors:
	Expenditure (Tk)
	60- 65
	65-70
	70-75
	75-80
	80-85
	Total

	No. of labors (f):
	7
	10
	30
	8
	5
	60


Calculate the median expenditure of labors.
Exercise -4.4:
 Data given below are the daily Income (Tk) of 70 industrial labors:

	Income (Tk)
	160- 165
	165-170
	170-175
	175-180
	180-185
	Total

	No. of labors (f):
	7
	20
	30
	8
	5
	70


Calculate the median income of labors
Mode:
 Mode is the most frequent item. In other wards  mode is that value, whose frequency is the highest.

Example-4.3:  
No. of alphabets in a ward is given below:

	In a words
	0
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10

	No. of wards
	3
	8
	12
	18
	25
	30
	24
	16
	12
	7
	2


Solution:

The above data shows that the frequency of 5 is the highest (30). So, 5 is the mode value of the above data.

Exercise- 4.5:  

No. of soaps were sold in a shop within first 10 minutes in particular day. Calculate the modal minutes for selling the soaps.
	Minutes
	1st 
	2nd 
	3rd 
	4th 
	5th 
	6th 
	7th 
	8th 
	9th 
	10th 

	No. of soaps sold
	4
	2
	8
	5
	3
	4
	6
	2
	3
	2


Exercise- 4.6:  

No. of customers visited a shop within first 6 hours in particular day. Calculate the modal hours for visiting the shops.
	Hours
	1st 
	2nd 
	3rd 
	4th 
	5th 
	6th 

	No. of  Customers
	14
	21
	18
	15
	13
	14


Mode for Grouped Data

For a frequency distribution the mode value is calculated using the following formula: 

	Mode = 
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Where
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Example-4.3:

Calculate the mode of the data given in example 4.2.

Here 
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Exercise-4.7:

Calculate the modal income of the following income distributions.
	Income group

(Tk)
	1-5
	5-10
	10-15
	15-20
	20-25
	25-30

	No. of families
	200
	150
	100
	75
	50
	25


Exercise-4.8:
The data given below are the distribution day wages of 100 labors. Calculate the modal wage of the distribution.
	Daily wages 

(Tk)
	50-60
	60-70
	70-80
	80-90
	90-100
	100-120
	120-130

	No. of labors
	20
	25
	30
	25
	20
	15
	10


LESSON-5
Dispersion

[Ref: Consult your Text Book, Chapter –V:  pp - 156 - 174]

As we have discussed about the central value in previous chapter. Now we want to discuss how these data are spread around the central value. The nature of their spread ness in called dispersion of data

To assess the amount of spread ness the following measures has been used:
	i)
Range


        ii) 
Mean Deviation

iii)
Standard Deviation
        iv)
Quartile Deviation

v)
Co-efficient of variation




Range:
 It is the difference between the largest and the lowest value when the data are arranged in order of magnitude mathematically:
	[

  Range = X(n ) - X(1). 


Here X(1) is lowest observation & X(n) is the largest observation.

Example-5.1: 
There are 7 students who scored the following marks in a mathematics examination. 46,85,76,30,49,57,63.
 Find out   the range of the data. 
Solution:
The marks have been arranged in ascending order of magnitude as: 30,40,46,57,63,76,85. Here X(n ) =  85.       and   X(1) = 30,  

So, Range = 85 – 30 = 55.

Mean Deviation:  

By the word deviation we mean the difference of an observation from its mean i.e.
 (x - mean) = Deviation. But the average of such deviations is zero although there exists          some variation among the observations. To avoid this problem absolute deviations have been considered. The mean of such absolute deviations is called mean deviation.
	Mathematically     
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Mean Deviation for Grouped Data:

For a frequency distribution a means deviation is calculated as 
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We can also measure the MD from Median, mode or from any other point. But it can be proved that mean deviation from median is minimum.
Example-5.2:
The weekly wages of 100 labors are given in the table below; calculate mean deviation of the data.
	Weekly wages(Tk)
	50
	55
	60
	65
	70
	75
	80

	No. of Labors:
	10
	12
	20
	30
	14
	8
	6


Solution: To compute the mean deviation the following table may be constructed.

	Weekly wages (x)
	No of Labors

( f )
	f.x
	f.x2
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	50
	10
	500
	25000
	13.7
	137.0

	55
	12
	660
	36300
	8.7
	104.4

	60
	20
	1200
	72000
	3.7
	74.0

	65
	30
	1950
	126750
	1.3
	39.0

	70
	14
	980
	68600
	6.3
	88.2

	75
	8
	600
	45000
	11.3
	90.4

	80
	6
	480
	38400
	16.3
	97.8

	Total
	100
	6370
	412050
	61.3
	630.8
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Standard Deviation: 

The standard deviation of n observations is defined as the root mean square deviation from AM.   Mathematically it is calculated using the formula 

Mathematically     
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The computational formula for standard deviation

	[           

         SD=
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Standard Deviation for Grouped Data: 
When the data is given in the form of frequency distribution the SD is calculated using the formula 
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The computational formula for

`

 SD =
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Example -5.3: 

Calculate SD from the data given in Example 5.2
Solution:

Standard deviation can be calculated as follows:

SD=
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  SD = 
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Co-efficient of variation:

When the ratio of SD and AM is experienced in percentage, it is called Co-efficient of variation. i.e. 
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i.e. variability is less. On the contrary, if the value of the Co-efficient of variation is higher, the variability in the data are more i.e. the data is more heterogonous. The Co-efficient of variation for the data given in example- 5.1 is  
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Quartile Deviation:
It is the half of the difference between third quartile and first quartile. Mathematically 
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Where
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: First Quartile
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Quartile: 

If the data are arranged in order of magnitude & if  three points are considered among these data, so that the data is divided into four equal parts, then  these three points are called quartiles .The smaller one is first quartile Q1  & larger one is called third quartile 
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 and middle one is median and second quartile.
   
The formula for calculating the quartiles are as follows:
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Where
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Lower limit of 1st Quartile group 
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Where
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Lower limit of 3rd  Quartile groups
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Examlpe-5.4:

Calculate Q1, 
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 and QD from the data given below:
	Class interval
	50-60
	60-70
	70-80
	80-90
	90-100
	100-120
	120-130

	No. of labors (f)
	20
	25
	30
	25
	20
	15
	10

	C. frq. (F)
	20
	45
	75
	100
	120
	135
	145


Solution: 

As we know 
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Again 
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Also 
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Exercise-5.1:

Calculate AM, MD, SD and QD from the data given below:

	Marks
	0-20
	20-40
	40-60
	60-80
	80-100

	No. of students
	10
	20
	30
	15
	10


Exercise-5.2:
Calculate AM, MD, SD and QD from the data given below:

	Daily wages

(Tk)
	50-60
	60-70
	70-80
	80-90
	90-100
	100-120
	120-130

	No. of labors
	20
	25
	30
	25
	20
	15
	10


LESSON-6
   




Correlation

[Ref: Consult your Text Book,   Chapter –VII:  pp- 230 – 251]

Please look at the first paragraph of the text book. There are two definitions of Correlation Co-efficient. We can accommodate these definitions as follow:

Correlation is the linear relationship between two or more variables. It can be measured mathematically by co-efficient correlation which is presented by ‘r’. The formula for ‘r’ is:
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The computational formula for r is:
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Actually r measures the degrees of relationship. The value of r ranges from -1 to +1





i.e.  
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There are three extreme cases.

i. r = -1, implies that x & y are exactly & negatively related.

ii. r = 0, generally it implies that x and y are not corrected which is not always true.

iii. r = +1, implies, that x & y are exactly & positively corrected.
 
Despite these values if the value r is (+) ive, e.g. r = .5 it means that relationship between x & y is positive which implies that if x increases y will also increase. If r = -6, it means that relationship betweens x & y is (-) ive, it means that if x increases y will decrease.
Example-6.1: 
 Find correlation co-efficient between the sales and expenses from the data given below:

	Firm
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10

	Sales (Tk.Lakhs)
	50
	50
	55
	60
	65
	65
	65
	60
	60
	50

	Expenses (Tk. Lakhs)
	11
	13
	14
	16
	16
	15
	15
	14
	13
	13


Solution: 
CALCULATION OF CORRELATION COEFFICIENT:
	Firm
	Sales

x
	X=
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	Expenses

y
	Y=
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	Y2
	XY

	1
	50
	-8
	64
	11
	-3
	9
	+24

	2
	50
	-8
	64
	13
	-1
	1
	+8

	3
	55
	-3
	9
	14
	0
	0
	0

	4
	60
	+2
	4
	16
	+2
	4
	+4

	5
	65
	+7
	49
	16
	+2
	4
	+14

	6
	65
	+7
	49
	15
	+1
	1
	+7

	7
	65
	+7
	49
	15
	+1
	1
	+7

	8
	60
	+2
	4
	14
	0
	0
	0

	9
	60
	+2
	4
	13
	-1
	1
	-2

	10
	50
	-8
	64
	13
	-1
	1
	+8

	n=10
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Exercise-6.1:
Find correlation co-efficient between the Investment (lac) and Revenue (lac) from the data given below:
	Firm
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10

	Investment (Tk.Lac)
	60
	55
	65
	67
	75
	74
	68
	62
	61
	52

	Revenue (Tk. Lac)
	71
	63
	74
	76
	86
	85
	75
	74
	73
	63


Correlation Co- efficient :( When deviations are taken from an Assumed Mean):
When actual means are in fractions, say the actual means of X and Y series are 20.167 and 29.23, the calculation of coefficient of correlation by the method discussed above would involve too many calculations and would take a lot of time. In such cases we make use of the assumed mean method for finding out coefficient of correlation. When deviations are taken from an assumed mean the following formula is applicable.
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where dx refers to deviations of X series from an assumed mean,

Similarly 
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 refers to deviations of Y series from an assumed mean.
It may be noted that this form of formula is same as the original formula , only difference being that  in the original formula we are dealing with original X and Y but in the new in form we are taking deviations of X and Y series from assumed mean.

The following example shall illustrate the application of this formula: 

Example -6.2: 

The following data relate to the age of 10 employees and the number of 
days on which they reported sick in a month:

	Age:
	20
	30
	32
	35
	40
	46
	52
	55
	58
	62

	Sick days:
	1
	2
	0
	3
	4
	6
	5
	7
	8
	9


Calculate Karl person’s coefficient of correlation and interpret its value.

Solution: Let age and sick days be represented by variables X and Y respectively.

	Age
	dx= (X-43)
	dx2
	Sick days

Y
	dy = (Y-5)


	dy2
	dxdy

	20
	-23
	529
	1
	-4
	16
	+92

	30
	-13
	169
	2
	-3
	9
	+39

	32
	-11
	121
	0
	-5
	25
	+55

	35
	-8
	64
	3
	-2
	4
	+16

	40
	-3
	9
	4
	-1
	1
	+3

	46
	+3
	9
	6
	+1
	1
	+3

	52
	+9
	81
	5
	0
	0
	0

	55
	+12
	144
	7
	+2
	4
	+24

	58
	+15
	225
	8
	+3
	9
	+45

	62
	+19
	361
	9
	+4
	16
	+76
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The result implies that there is a very high degree of positive correlation between age and sick days taken. Hence we can conclude that as the age of an employee increases, he is liable to be sick more often than others.

RANK CORRELATION COEFFICIENT:
This method of finding out co variability or the lack of it between two variables was developed by the British psychologist Charles Edward Spearman in 1904. This measure is especially useful when quantitative measure of certain factors (such as in the evaluation of leadership ability or the judgment of female beauty) cannot be fixed, but the individuals in the group can be arranged in order thereby obtaining for each individual a number indicating his (her) rank in the group. In any event, the rank correlation coefficient is applied to a set of ordinal rank numbers, with 1 for the individual ranked first in quantity or quality, and so on, to N for the individual ranked last in group of N individuals (or N pairs of individuals). Spearman’s rank correlation coefficient is defined as:
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where R denotes rank coefficient of correlation and D refers to the difference of ranks between paired items in two series.

The value of this coefficient also lies between +1 and -1. When R is +1 there is complete agreement in the order of the ranks and the ranks are in the same direction. When R is -1 there is complete agreement in the order of the ranks and they are in opposite directions.

Example-6.3:  Two managers are asked to rank a group of employees in order of potential for eventually becoming top managers. The rankings are as follows:

	Employee
	Ranking by Manager1
	Ranking by Manager 11

	A
	10
	9

	B
	2
	4

	C
	1
	2

	D
	4
	3

	E
	3
	1

	F
	6
	5

	G
	5
	6

	H
	8
	8

	I
	7
	7

	J
	9
	10


Compute the coefficient of rank correlation and comment on the value.

Solution: 
    CALCULATION OR RANK CORRELATION COEFFICIENT

	Employee
	Rank by

Manager I
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	A
	10
	9
	1

	B
	2
	4
	4

	C
	1
	2
	1

	D
	4
	3
	1

	E
	3
	1
	4

	F
	6
	5
	1

	G
	5
	6
	1

	H
	8
	8
	0

	I
	7
	7
	0

	J
	9
	10
	1

	N=10
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Thus we find that there is a high degree of positive correlation in the ranks assigned by the two managers.

Exercise-6.2:

Calculate the Correlation Co-efficient between income (x) and expenditure (y) form the data given below:
	Income (x:000Tk)
	5
	6
	7
	8
	9
	10
	11
	12

	Exp (y:000Tk)
	4
	4
	5
	5.5
	6
	6.5
	7.5
	8


Exercise-6.3:
Data given below are the height (x) and weight (y) of 7 persons.
	Height (x: feet)
	3.0
	3.5
	4.0
	4.5
	5.0
	5.5
	6.0

	Weight (y: kg)
	40
	50
	55
	65
	70
	80
	85


Calculate the Correlation Co-efficient 
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 and comment on your results.
Exercise-6.4:

The data given below are the marks in mathematics (x) and Statistics (y) of 6 students.
	Marks in Math (x)
	40
	50
	60
	70
	80
	90

	Marks in Stat (y)
	50
	45
	65
	60
	75
	75


Calculate the Correlation Co-efficient 
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 and comment on your results.

LESSON-7
Regression
 [Ref: Consult your Text Book,   Chapter –VII:  pp - 230 – 241]

The statistical tool with the help of which we are in a position to estimate (or predict) the unknown values of one variable form known values of another variable is called regression.

Regression analysis is a branch of statistical theory that is widely used in almost all the scientific disciplines. In economics it is the basic technique for measuring or estimation the relationship among economic variables that constitute the sense of economic theory and economic life. For example, if we know that two variables price (X) and demand (Y) are closely related we can find out the most probable value of Y for a given value of X or the most probable value of X for a given value of Y.

Difference between Correlation and Regression Analysis

There are two important points of difference between correlation and regression analysis:

1. The correlation coefficient is a measure of degree of relationship between X and Y, where as the objective of regression analysis is to study the nature of relationship’ between the variables.

2. The cause and effect relation is clearly indicated through regression analysis than by correlation. Correlation is merely a tool of ascertaining the degree of relationship between two variables and therefore, we cannot say that one variable is the cause and the other the effect.

Regression Lines

If we take the case of two variables X and Y, we may have two regression lines as the regression line of X on Y and the regression line of Y on X. The regression line of Y on X gives the most probable values of Y for given values of X and the regression line of X on Y gives the most probable values of X for given values of Y. Thus, we have two regression lines. However, when there is either perfect positive or perfect negative correlation between the two variables, the two regression lines will coincide, i.e. we will have one line.

Scattered Diagram:

If the (x,y) values are plotted in the graph paper, a picture of scattered points will be obtained, which is called a Scattered Diagram
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        Figure: Scattered diagram 
Regression Equation of Y on X

The regression equation of Y on X is expressed as follows:
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Where Yc is the dependent variable to be estimated and X is the independent variable.

In this equation a and b are two unknown constants (fixed numerical values) which determine the position of the line completely. The constants are called the parameters of the line. If the value of either or both of them is changed, another line is determined. The parameter ‘a’ determines the level of the fitted line (i.e. the distance of the line directly above or below the origin). The parameter ‘b’ determines the slope of the line, i.e. the change in Y for unit change in X.

If the values of the constants ‘a’ and ‘b’ are obtained, the line is completely determined. But the question is how to obtain these values. The answer is provided by the method of least squares which states that the line should be drawn through the plotted points in such a manner that the sum of the squares of the vertical deviations of the actual Y values from the estimated Y values is the least.

The regression equation of y on x is expressed as follows:
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To determine the values of a and b the following two normal equations are to be solved simultaneously.

 Normal equation:

	         
[image: image137.wmf]2

x

b

x

a

xy

x

b

na

y

S

+

S

=

S

S

+

=

S




Solving the above two equations a & b can be calculated as
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The computational formula of 
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And the formula for 
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 is as follows:
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 So, the estimated regression line of y on x is 



Y= 
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Similarly the regression line of X on Y can be expressed as 
  x = c+ dy. Using Least square method we got the normal equations as:
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Solving the above equations we get
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The computational formula for d is
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Hence the fitted regression line of X on Y is  
[image: image147.wmf]y

d

c

x

ˆ

ˆ

+

=


Example-7.1: 
Calculate the regression equations of X on Y and Y on X from the following data:

	X
	1
	2
	3
	4
	5

	Y
	2
	5
	3
	8
	7


Solution: 
Calculation of regression Equations

	X
	Y
	X2
	Y2
	XY

	1
	2
	1
	4
	2

	2
	5
	4
	25
	10

	3
	3
	9
	9
	9

	4
	8
	16
	64
	32

	5
	7
	25
	49
	35
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For the regression line of Y on X : y = a+ bx
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For the regression line of X on Y: x = c +dy
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Regression line of X on Y is

 x = .5+.5y

Regression line using shortcut method
When the data is too big or too small, it becomes complicated to calculate the value of b, at that time we use deviation from an assumed value which can remove this difficulty.

The formula use in this case is
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when                     
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                             a & b  are assumed value of x & y.

Example-7.2: 
Calculate the regression of expenditure (y) as income (x) for the following data.

	
	Total

	Income (X)
	2.00
	3.00
	4.00
	5.00
	6.00
	20.00

	Expenditure(Y)
	2.00
	3.00
	3.00
	4.00
	5.00
	17.00


	
	Total
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Thus for the regression line of Y on X: y = a + bx 
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Exercise-7.1:

The data given below are the income (x) and expenditure (y) in thousand taka of 7 families per month. Fit a regression line of Y on X and X on Y.

	Income (x: Tk)
	4
	5
	6
	7
	8
	9
	10

	Exp.(Y: Tk)  
	4
	4
	5
	5
	6
	6
	7


Exercise-7.2:
Fit a regression line of Y on X that of X on Y using the shortcut method with data given below:
	Temperature (x
[image: image169.wmf]0

)
	25
	30
	35
	40
	45

	Humidity (%)
	90
	80
	75
	65
	60


LESSON-8
Probability
              [Ref: Consult your Text Book,   Chapter –XI:  pp - 452 – 481]

Before defining probability, we have to explain the concepts of an experiment, out come of an experiment, sample space and an event.

Experiment: 

It is an action which is done under essentially some regularity, similar conditions and homogenous situations.

Example:
 Coin throwing, card distribution and throwing of dice. Outcome of an experiment: It a result after having a trial of an experiment.

Example: 

(a)     For one coin toss experiment H is an outcome, T is another out count

(b)     For distribution of cards 4 players, out come may be any card out of 52 cards.

Sample Space:
It is the collection of all possible out comes of an experiment.

Example:

For one coin toss experiment [H, T] is sample space

For two coins toss experiment [HH, HT, TH, TT] are sample space.
Event:

 It is an outcome or combination of outcomes of an experiment.

Or, we may define an event as a subset of a sample space.

Example-8.1:
For two toss experiment {HH, HT, TH, TT} are the all possible outcomes. They are also called equally likely cases; virtually they are called sample space. We can define various events with the individual outcome or combination of the above outcomes: such as: 
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Probability of an event: 

If E is an event then the probability of the event E can be expressed as 
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Similarly 
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Exclusive event: 
If there are two or more events and there is no point in common. Then these events are called mutually exclusive event.

The event 
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 in the example - 8.1 are the evidence of exclusive events.

Example-8.2:
Construct a sample space for two dice throwing experiment. If x is the number in the first dice and y is the number in the second dice. Calculates the following Probabilities.
i) Pr (x+ y =10)

ii) Pr (x+ y <5)
iii) Pr (x + y
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iv) Pr {
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v) Pr (x + y = Even)
vi) Pr(x >y)
Solution:
Sample space is as follows:
	y

x
	1
	2
	3
	4
	5
	6

	1
	(1,1)
	(1,2)
	(1,3)
	(1,4)
	(1,5)
	(1,6)

	2
	(2,1)
	(2,2)
	(2,3)
	(2,4)
	(2,5)
	(2,6)

	3
	(3,1)
	(3,2)
	(3,3)
	(3,4)
	(3,5)
	(3,6)

	4
	(4,1)
	(4,2)
	(4,3)
	(4,4)
	(4,5)
	(4,6)

	5
	(5,1)
	(5,2)
	(5,3)
	(5,4)
	(5,5)
	(5,6)

	6
	(6,1)
	(5,3)
	(6,3)
	(6,4)
	(6,5)
	(6,6)
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Mutually exhaustive events:

If there are two events such that there is not point in common is called mutually exclusive events. e.g. In 2 coin toss experiment: 

Event A= {HH, HT}: First coin shows head.

Even B = {TH, TT}: First coin shows tail.

Even C = {TH, HT, TH}: At least one coin shows head, 

Here, there is no common point in A & B.  So, A & B are mutually exclusive events. Again A U B = S (Sample space). So A & B are called mutually exclusive and exhaustive events.
But when we consider A & C, then the points {HH, HT} are common both in A & C. So A & C are not mutually exclusive event. Similar is the case for the events B & C.

Addition Law:

The probability of occurrence of either A or B of two mutually exclusive (or disjoint) events is equal to the sum of their individual probabilities. Symbolically, we may write,
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                                               For Disjoint Events
Since A and B can be written as a union of simple events in which no simple event of B appears in A, hence, the result follows.

If two events A and B are not mutually exclusive (joint events) then the addition law can be stated as follows:

The probability of the occurrence of either A or B or both is equal to the probability that event A occurs, plus the probability that event B occurs minus the probability that both events occur. Symbolically, it can be written as 
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Conditional Probability

When we are dealing with probabilities of a subset rather than of the whole set, our attention is focused on the probability of an event in a subset of the whole set. Probabilities associated with the events defined on the subsets are called conditional probabilities. The conditional probability of A given B is equal to the probability of A
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B divided by the probability of B, provided that the probability of B is not zero. Symbolically, we may write this as 
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 We can also write as: 
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Example-8.3: 
A study showed that 65 per cent of managers had some business education and 50 percent has some engineering education. Furthermore, 20 per cent of the managers had some business education but no engineering education. What is the probability that a manager has some business education, given that he has some engineering education?

Solution: 

Let A denote the event that the manager has some business education and B denote that he has some engineering education.

Now we have 

	Eng.

Bus.
	Engg (B)
	Not Engg (NA)
	Total

	Business (A) 
	.45
	.20
	.65

	Not Bus.(NB) 
	.05
	.30
	.35

	Total
	.50
	.50
	1.00


then 
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Therefore, 
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Hence the required probability that a manager has some business education given that he has engineering education is 0.9.

Multiplication Law

The multiplication law may be stated as follows:

The probability of the joint occurrence of event A and event B is equal to the conditional probability of A given B, times the probability of B.

Symbolically, we write
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Example-8.4: 
A candidate is selected for interview of management trainees for 3 companies. For the first company there are 12 candidates, for the second there are 15 candidates and for the third there are 10 candidates. What are the chances of his getting job at least at one of the company?

Solution: 
 The probability that the candidate gets the job at least at one company =1- probability that the candidates does not get the job in any company.

Probability that the candidate does not get the job in the first company 
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 Probability that the candidate does not get the job in the second company 
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 Probability that the candidate does not get the job in the third company 
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Since the events are independent therefore the probability that the candidate does not get any job in any of the three companies 
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Hence the required probability = 1-0.77=0.23

Example-8.5:
 In a survey of 100 readers, it was found 40 read magazine A, 15 read magazines B, 10 read both. What is the probability of a person reading at least one of the magazines?

Solution: 
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Therefore, the probabilities that a person read at least one magazine is 0.45

Exercise-8.1:

A candidate is selected for interview for three posts. For the first post there are 3 candidates, for the second there are four and for the third there are two candidates. What are this chances of getting at least one post?

Exercise-8.2:

A factory produces a mechanism which consists of three independently manufactured parts. It is known that 1 per cent of part one, 4 per cent of part two and 3 per cent of part three are defective. What is the probability that a complete mechanism is not defective?
Exercise-8.3:
A coin is toss 3 times. Construct its Sample Space. Calculate the Probabilities of the following events:

[image: image199.wmf]:

1

E

First coin shows head.
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2

E

First coin & last coin show head
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At least one coin shows head.
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E

At best two coin shows head.

Exercise-8.4:

Two dice is thrown at a time. Calculate the Probabilities of the following events.
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E

First dice shows even number and Second dice shows odd numbers.
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Both the dice show odd number
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: Sum of the numbers of two dice is divisible by 3
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One of the number is square of the other.
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One of the number is 3 times the other.
   LESSON-9

Probability Distributions

 [Ref: Consult your Text Book,   Chapter –XII:  pp - 481 – 521]


In this chapter the basic concepts of probability distributions are discussed. In a probability distribution, the variables are distributed according to some definite probability function. We shall discuss some of the most important probability distributions in this chapter. These distributions from their historical interest as well as intrinsic importance occupy a place of great prominence in business decision- making. Some of the concepts that will facilitate understanding of the topic are given below:

Random Variable:

A random variable is a variable which taken specified values with specified probabilities. The probabilities are specified by the way in which the random experiment is conducted and the way in which the random variable is defined and observed on the random experiment. We shall use capital letters to denote a random variable and the corresponding small letters to represent any specific value of the random variable.

Probability Function:

If the function permits us to compute the probability for any event that is defined in terms of value of the random variable, then this function is called a probability function. Just as there are discrete and continuous random variables, so there are discrete and continuous probability functions.

Cumulative Density Function:

Corresponding to the cumulative mass function of a discrete random variable the cumulative density function (abbreviated as c.d.f.) of a continuous random variable specifies the probability that an observed value of X will be no greater than x.
Binomial Distribution:

The Binomial distribution is also known as the outcome of Bernoulli process and is associated with the name of Jacob Bernoulli. A Bernoulli process is a random process in which 

(a) The process is performed under the same conditions for a fixed and finite number of trails, say, n.

(b) Each trial is independent of others, i.e., the probability of an outcome for any particular trial is not influenced by the outcomes of the other trials.
(c) Each trial has two mutually exclusive possible outcomes, such as ‘success’

Or ‘failure’, ‘good’ or ‘defective’, ‘yes’ or ‘no’, ‘hit’ or ‘miss’. And so on. The outcomes are usually called success and failure for convenience.

(d) The probability of success, p, remains constant from trial to trial (so is the probability of failure q, where q=1-p).
The general model for specifying the probability of obtaining exactly x successes in a given number of n Bernoulli trials is given by
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Where 


p = the probability of a success on a single Bernoulli trial.




n = the number of Bernoulli trials 




x = the number of successes in n trials.

This formula for the probability distribution of the number of successes in series of Bernoulli trials is called the Binomial probability distribution. It gives the probability of obtaining exactly x successes and (n-x) failures in n Bernoulli trials.
The binomial distribution satisfies the two essential properties of probability distribution, viz.
(i) 
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 For (i), this follows from the fact that both n and p are positive and hence 
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 all are positive. Consequently 
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For (ii), we know that binomial expansion of 
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 Mean and Variance of Binomial Distribution:
 Mean: 

The mean of binomial random variable X, denoted by 
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 or E(x) is the theoretical expected number of successes in n trials.
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i.e., the mean of X is the sum of the products of the values that can assume multiplied by their respective probabilities.
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Thus the mean of the binomial distribution is np.

Variance:

The variance of the binomial random variable X measures the variation of the binomial distribution and is given by
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Which is the variance of the binomial distribution.

Thus the standard deviation of the binomial distribution is 
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Example-9.1:
The mean of a binomial distribution is 40 and standard deviation 6, Calculate n, p and q.
Solution:

The mean of binomial distribution is given by np and standard deviation by
[image: image219.wmf]npq

. 
Since 
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 =6:  npq = 36 and np = 40

Therefore 40q = 36 or q = 
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p = 1-q = 1-0.9 = 0.1

Since p = 0.1 and q = 0.9 and therefore, npq = 36

Therefore n = 
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Hence for the given question, n = 400, p = 0.1 and q = 0.9

Poisson distribution:

A second important discrete probability distribution is the Poisson distribution, named after the French mathematician S. Poisson who published its derivation in 1837.
The characteristics of the Poisson distribution are as follows:

i) The occurrence of the events is independent. That is, the occurrence of an event in an interval of space or time has no effect on the probability of a second occurrence of the event in the same, or any other interval.

ii) Theoretically, an infinite number of occurrences of the event must be possible in the interval.
iii) The probability of single occurrence of the event in a given interval is proportional to the length of the interval.

iv) In any infinitesimal (extremely small) portion of interval, the probability of two or more occurrences of the event is negligible.

Poisson distribution differs from the binomial distribution in two important respects.

(a) Rather than consisting of discrete trials, the distribution operates continuously over some given amount of time, distance, area, etc.

(b) Rather than producing a sequence of successes and failures, the distribution produces successes, which occur at random points in the specified time, distance, area. These successes are commonly referred to as ‘occurrences’.

The Poisson distribution is given by
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where m is called the parameter of distribution and is the average number of occurrences of random event, x is the number of occurrences of the random event and e is the constant whose value is 2.7183.
The Poisson distribution satisfies the two essential properties, i.e., 
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The Poisson distribution has been extensively tabulated. It has many applications in business and has been widely used in management science and operations research. The following are some of the examples which may be analyzed with the use of this distribution:

(a) the demand for a product,
(b) typographical errors occurring on the pages of a book,
(c) the occurrence of accident in a factory,

(d) the arrival pattern in a departmental store,

(e) the occurrence of flaws in a bolt in a factory, and 

(f) the arrival of calls at a switch board.

Mean and Variance of the Poisson distribution:

Mean:

The mean of the Poisson distribution is given by
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Thus the mean of the Poisson distribution is m.

Variance:

 The variance of the Poisson distribution is given by
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Thus the variance of the Poisson distribution is also equal to m.

Normal Distribution:
The Normal distribution was discovered by De Moivre as the limiting case of Binomial model in 1733. It was also known to Laplace no later than 1774, but through a historical error it has been credited to Gauss who first made reference to it in 1809. Throughout the 18th and 19th centuries, various efforts were made to establish the normal model as the underlying law ruling all continuous random variables- thus, the name Normal. These efforts failed because of the false premises. The normal model has, nevertheless, become the most important probability model in statistical analysis.

The normal distribution is approximation to binomial distribution. Whether or not p is equal to q, the binomial distribution tends to the form of the continuous curve when n becomes large at least for the material part of the range. As a matter of fact, that correspondence between binomial and the normal curve is surprisingly close even for low values of n provided p and q are fairly near equality. The limiting frequency curve, obtained as n, becomes large and is called the normal frequency curve or simple normal curve.

A random variable X is said to have a normal distribution with parameters 
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Where y= the computed height of an ordinate at a distance of X from the mean.
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= Standard deviation of the given normal distribution.
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e = the constant = 2.7183
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mean of the given normal distribution.

In symbols, it can be expressed as 
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This is read as: The random variable X follows normal distribution with mean 
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 and standard deviation
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If we draw the graph of normal distribution, the curve obtained will be known as normal curve and is given below.


When we say that curve has unit area we mean that the total frequency N is equated to 1. To obtain ordinates for particular distribution the ordinates given by the above formula are multiplied by N. The equation to a normal curve corresponding to a particular distribution is given by
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The quantity 
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 in the above formula is equal to the maximum ordinate of the normal curve which will always occur at the mean of the distribution.

A random variable with any mean and standard deviation can be transformed to a standardized normal variable by subtracting the mean and dividing by the standard deviation. For a normal distribution with mean 
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 and standard deviation
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, the standardized variable z is obtained as 
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A value z represents the distance, expressed as a multiple of the standard deviation, that the value X lies away from the mean. The standardized variable z is called a standard normal variate which has mean zero and standard deviation one. In symbols, if 




X~
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Then ,the probability density function of the standard normal variate z is given by
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Area under the Normal Curve:


Since for different values of 
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 and
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, we shall have different normal curves, therefore, it may be very difficult to find areas under normal curve are tabulated in terms of the standardized normal variate z. As any normally distributed random variate X with parameter 
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 and
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 can be transformed to the standardized normally distributed random variate z, therefore, the table given in the appendix under the heading of area under the normal curve may be used.


This table in appendix contains the probabilities for the area under the normal curve between mean z=0 and any other specified value of z. As the normal curve is symmetrical, therefore, the area under the normal curve is given only for half of the positive side of the curve.

For example, corresponding to z =1, the area under the normal curve is given as 0.3413 (from the table).Therefore, for z =-1, the area is also 0.3413.

Hence Pr [
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The following are some of the examples to illustrate how tables are to be used in order to obtain area under the normal curve.

Example-9.2:

Find out the area under the normal curve for z =1.54

Solution:

If we look to the table, the entry corresponding to z =1.54 is 0.4382 and this gives the area in the shaded region in following figure between z =0 and z = 1.54.
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Pr [flashlight life >130 hrs.] = Pr [each battery life > 130 hrs.]
Since the life of batteries are independent


=Pr [each battery life > 130 hrs]
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Hence the probability that flashlight will operate more than 130 hours is given by 
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Applications of the Normal distribution:
The normal distribution is mostly used for the following purposes:

i) To approximate or ‘fit’ a distribution of measurement under certain conditions

ii) To approximate the binomial distribution and other discrete or continuous probability distribution under suitable conditions.

iii) To approximate the distributions of means and certain other statistic calculated from samples, especially large samples.
LESSON-10

Test of Hypothesis
[Ref: Consult your Text Book,   Chapter –VII:  pp-  310 – 326]

In the frequency distribution, variable x assumes various values with some frequencies. Similarly when x assumes various values with probability is called probability distribution. In 3 coin toss experiment if x is the no. of heads appear then x can take the values 0,1,2 and 3 with probabilities p(x) : 1/8, 3/8, 3/8 and 1/8 respectively.
i.e. 
	x
	0
	1
	2
	3
	Total

	p(x)
	1/8
	3/8
	3/8
	1/8
	1


In such a case x is called random variable. Similarly 4- coin toss experiment a probability distribution can be shown as:
	x
	0
	1
	2
	3
	4
	Total

	p(x)
	1/16
	4/16
	6/16
	4/16
	1/16
	1


There are several probability distributions such as: Binomial, Poisson, Normal, Negative Binomial, Hyper geometric, Uniform, Exponential etc distribution. The above distributions are called parent distribution.
 When a sample is drawn from a parent distribution, then the sample values, or a function of a sample values follow certain distributions which are called sampling distributions:
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 and Z are such distributions.
These sampling distributions are used to carry out the various test of Hypothesis. Before going to discuss the test of hypothesis, we have define, level of significance, degrees of freedom.

 At the time test there may be two types of errors. 

Type-I error: 
Reject H
[image: image251.wmf]0

 when it is true.
Type-II error:
Accept H
[image: image252.wmf]0

 when it is false.
The probability of type- I error is called Level of significance.

Degrees of freedom (df):
It is the no. of independent variables involve in a relation.
Test of Hypothesis:
Firstly we shall define hypothesis (H
[image: image253.wmf]0

): A hypothesis is the assumption or ascertain about the population parameters or their distribution. Depending on the nature of the assumption. The hypothesis can be divided into two parts:
(1) Parametric hypothesis 

(2) Non-parametric hypothesis.

The parametric hypothesis refers to the assumption about parameters. As for example 
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 Again the Non parametric hypothesis refers the assumptions about the distribution. For example H
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 : The distribution of marks follows normal distribution.

Now we shall define test. Test is body of rules, which help us to decide whether a hypothesis is true or false.

For limited scope we shall discuss about the parametric test only. There are various parametric tests. We shall discuss (i) Mean test (ii) Variance test (iii) Test of Significance for Correlation Co- efficient.
Mean test:

(I) Single mean test for known variance:

Let 
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(II) Single mean test for Unknown Variance:

If  
[image: image266.wmf]n

x

x

x

.........

,

2

1

 be a random variable from a normal distribution with mean 
[image: image267.wmf]m

 and unknown variance 
[image: image268.wmf]2

s

 . To test the 
[image: image269.wmf]0

0

:

m

m

=

H

, We can use the test statistic 
 

[image: image270.wmf]n

s

x

Z

0

m

-

=

 which follows t- distribution with (n-1) df. The s value is calculated using the formula:       
[image: image271.wmf]þ

ý

ü

î

í

ì

å

-

å

-

=

n

x

x

n

s

2

2

)

(

1

1


Thus if the calculated value of t is greater than the tabulated value 
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 at 5% level of significance. Otherwise we may accept H
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(III)
Two mean test when variances are equal & known:
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 We can use the test statistics 
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 .We may reject H
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 5% level of significance. Otherwise we may accept H
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(IV)
 Two mean test when the variances are unequal but known:
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 5% level of significance. Otherwise we may accept H
[image: image295.wmf]0

.

(V) 
Two mean test for equal but unknown variances:
Let ( 
[image: image296.wmf]1

.........

,

2

1

n

x

x

x

) and (
[image: image297.wmf]2

.........

,

2

1

n

y

y

y

 ) be two random sample from two normal distributions with mean  
[image: image298.wmf]y

x

m

m

&

 and equal variance 
[image: image299.wmf]2

2

2

s

s

s

=

=

y

x

 but unknown. To test the 
[image: image300.wmf]y

x

H

m

m

=

:

0

 .  We can use the test statistics 


[image: image301.wmf](

)

(

)

2

1

1

1

.

n

n

s

y

x

t

y

x

+

-

-

-

=

m

m

 where  
[image: image302.wmf]ú

ú

û

ù

ê

ê

ë

é

þ

ý

ü

î

í

ì

å

-

å

+

þ

ý

ü

î

í

ì

å

-

å

-

+

=

2

2

2

1

2

2

2

1

)

(

)

(

2

1

n

y

y

n

x

x

n

n

s


 Under the null hypothesis 
[image: image303.wmf]2

1

1

1

n

n

s

y

x

t

+

-

=

 which follows t- distribution with 
[image: image304.wmf]2

2

1

-

+

n

n

 df.  If the calculated value of 
[image: image305.wmf]t

 is greater than or equal to the tabulated value of 
[image: image306.wmf]05

.

t

 .We may reject H
[image: image307.wmf]0

 at 5% level of significance. Otherwise we may accept H
[image: image308.wmf]0

.

(VI) 
Two mean test for Unequal and unknown variances:
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  Which follows approximately t- distribution with 
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 df.  If the calculated value of t is greater than or equal to the tabulated value of 
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 at 5% level of significance. Otherwise we may accept H
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(VII) 
Single Variance test:

 If 
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(VIII)
 Two Variance Test:
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If the calculated value of F   is greater than or equal to the tabulated value of 
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 at 5% level of significance. Otherwise we may accept H
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(IX) Test of Significance of Correlation Co-efficient: 
For n pairs of values x & y Correlation Co-efficient 
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Example-10.1: 

Let (1,2,3,4,5) and (2,3,4,5,6,7) be two random sample from two normal distributions with means 
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Solution:

(i) We can test the 
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(iv)
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(v) We can test the 
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Exercise-10.1: 

Let (5,7,9,11,13) and (2,5,8,11,14,17,19 ) be a random sample from two normal distributions with means 
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LESSON- 11


Index Numbers
[Ref: Consult your Text Book,   Chapter –VII:  pp-  310 – 326]

Index Numbers:

An index number may be described as a specialized average designed to measure the change in the level of a phenomenon with respect to time.

Uses of Index Numbers

1) They help in framing suitable policies

2) They reveal trends and tendencies

3) Index numbers are very useful in deflating

Classification of Index Numbers

Index numbers may be classified in terms of what they measure in economics and business. The classifications are: (1) Price; (2) Quantity; (3) value; and (4) special purpose.

Problems in the Construction of Index Numbers

1) The purpose of the index

2) Availability and comparability of data

3) Selection of base period

4) Selection of number of items

5) Price quotations

6) Choice of an average

7) Selection of appropriate weights

8) Selection of an appropriate formula

METHODS OF CONSTRUCTING INDEX NUMBERS

A large number of formulae have been devised for constructing index numbers. Broadly speaking, they can be grouped under two heads: 

	          Un-weighted indices

           Weighted indices.




In the un-weighted indices weights are not expressly assigned where as in the weighted indices weights are assigned to the various items. Each of these types may further be divided under two heads:


	                 Simple Aggregative

                Average of Price Relatives.




The following chart illustrates the various methods:
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A. UN-WEIGHTED INDEX NUMBERS

I. Simple Aggregative Method:


This is the simplest method of constructing index numbers. When this method is used to construct a price index, the total of current year prices for the various commodities in question is divided by the total of base   year prices and the quotient is multiplied by 100.

   Symbolically.
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This method of constructing the index is very simple and the steps required in computation are:

i. Add the current year prices for various commodities, i.e., obtain 
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ii. Add the base year prices for the same commodities, i.e., obtain 
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iii. Divide 
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and multiply the quotient by 100.

Example 11.1: 
From the following data construct an index number for 2000 taking 1990 as base:

	Commodity and unit
	Price  (Tk.)
	Price  (Tk.)

	
	In  1990
	In  2000

	Butter (k.g.)
	110.00
	120.00

	Cheese (k.g.)
	75.00
	80.00

	Milk (L.t.)
	13.00
	13.00

	Bread (i)
	9.00
	9.00

	Eggs (Doz.)
	18.00
	20.00

	Ghee (1 tin)
	850.00
	860.00


Solution:
 CONSTRUCTION OF PRICE INDEX
	Commodity 
	Price in

1999
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	Price in

2000
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	Butter (k.g.)
	110.00
	120.00

	Cheese (k.g.)
	75.00
	80.00

	Milk (L.t.)
	13.00
	13.00

	Bread (i)
	9.00
	9.00

	Eggs (Doz.)
	18.00
	20.00

	Ghee (1 tin)
	850.00
	860.00
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=102.51 %

This means that as compared to 1999, in 2000 there is a net increase in price of commodities included in the index to the extent of 2.51%.

Limitations of the Method

There are two main limitation of the simple aggregative index:

(1) The units in which prices of commodities are given affect the price index. For example, if in the above illustration the price of ghee is given per kg instead of per tin it will make a difference. Suppose the price of ghee in 1999 is Tk. 50 per kg and in 2000 is Tk. 60 per kg. The index would then be 
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(2) No consideration is given to the relative importance of the commodities. The unit by which each item happens to be priced introduces an implicit weight. This concealment is undesirable and severely restricts the usefulness of an index number arrived at through the method of simple aggregate of actual prices.

II. Simple Average of Relatives Method

When this method is used to construct a price index, price relatives are obtained for the various items included in the index and then an average of these relatives is obtained using any one of the measures of central tendency, i.e., arithmetic mean, median, mode, geometric mean or harmonic mean. When arithmetic mean is used for averaging the relatives, the formula for computing the index is: 
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Where N refers to the number of items (commodities) whose price relatives are thus averaged.

Although any measure of central tendency can be used to obtain the overall index, price relatives are generally averaged either by the arithmetic or the geometric mean. 
When geometric mean is used for averaging the price relatives the formula for obtaining the index becomes
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or, 
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    where P=
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Other measures of central tendency are not in common use for averaging relatives.

Example-11.2:
 From the data of example 1, compute price index by simple average of price relatives method base on (a) arithmetic mean, and (b) geometric mean.

Solution: (a) PRICE INDEX BASED ON SIMPLE AVERAGE OF PRICE RELATIVES

	Commodities
	Price in

1999 (
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)
	Price in

2000 (
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	Butter (k.g.)
	110.00
	120.00
	109.00

	Cheese (k.g.)
	75.00
	80.00
	106.67

	Milk (L.t.)
	13.00
	13.00
	100.00

	Bread (i)
	9.00
	9.00
	100.00

	Eggs (Doz.)
	18.00
	20.00
	111.11

	Ghee (1 tin)
	850.00
	860.00
	101.18

	N=6
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(b) PRICE INDEX BASED ON GEOMETRIC MEAN OF PRICE RELATIVES

	Commodities
	Price in

1999 (
[image: image462.wmf]0

p

)
	Price in

2000 (
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p

)
	Price Relatives

P
	Log P

	Butter (k.g.)
	110.00
	120.00
	109.00
	2.0378

	Cheese (k.g.)
	75.00
	80.00
	106.67
	2.0280

	Milk (L.t.)
	13.00
	13.00
	100.00
	2.0000

	Bread (i)
	9.00
	9.00
	100.00
	2.0000

	Eggs (Doz.)
	18.00
	20.00
	111.11
	2.0457

	Ghee (1 tin)
	850.00
	860.00
	101.18
	2.0051
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Merits and Limitation of this Method

Merits: This method has the following two advantages over the previous method:

1. Extreme items do not influence the index. Equal importance is given to all the items.

2. The index is not influenced by the units in which prices are quoted or by the absolute level of individual prices. Relatives are pure numbers and are, therefore, independent of the original units. Consequently, index numbers computed by the relative method would be the same regardless of the way in which prices are quoted.

Limitation: Despite these merits this method is not so satisfactory because of the following   two reasons:

1. Difficulty is faced with regard to the selection of an appropriate average. The use of the arithmetic mean is considered as questionable sometimes because it has an upward bias. The use of geometric mean involves difficulties of computations. Other averages are almost never used while constructing index numbers.

2. The relatives are assumed to have equal importance. This is again a kind of concealed weighting system that is highly objectionable such economically some relatives are more important than others.

B. 
WEIGHTED INDEX NUMBERS

The un-weighted index numbers discussed so far are not un-weighted in the true sense of the term. They assign equal importance to all the items included in the index and as such they are in reality weighted, weights being implicit rather than explicit, As discussed earlier, in case of un-weighted indices it is possible to get different results by changing the importance of different items by quoting prices relative to different units’. Implicit weighting (or the un-weighted index) is far from realistic in most of the cases. Construction of useful index numbers requires a conscious effort to assign to each commodity a weight in accordance with its importance in the total phenomenon that the index is supposed to describe.

Weighted index numbers are to two types:

I) Weighted Aggregative Index Numbers, and

II) Weighted Average of Relative Index Numbers.

I. Weighted Aggregative Index Numbers.

These index numbers are of the simple aggregative type with the fundamental difference that weights are assigned to that various items included in the index. There are various methods of assigning weights and consequently a large number of formulae for constructing index numbers have been devised of which some of the more important ones are

	Laspeyres method

Paasche method

Dorbish and Bowley’s method

Fisher’s Ideal method
Marshall-Edgeworth method
Kelly’s method.




:

All these methods carry the name of persons who have suggested them.

1. Laspeyres Method. 

In this method the base year quantities are taken as weights. The formula for constructing index is:
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  Steps:

i.  Multiply the current  year prices of various commodities with base year weights and obtain 
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ii. Multiply the base year prices of various commodities with base year weights and obtain 
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iii. Divide 
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and multiply the quotient by 100. This gives us the price index.

Laspeyres index attempts to answer the question: “What is the change in aggregate value of the base period list of goods when valued at given period prices?” The index is very widely used in practical work.
   2    Paasche method

In this method the current year quantities are taken as weights. The formula for constructing the index is: 
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Steps:
(i) Multiply the current year prices of various commodities with current year weights and obtain 
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(ii) Multiply the base year prices of various commodities with current year weights and obtain 
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(iii) Divide 
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 and multiply the quotient by 100.

In general this formula answers the question: “What would be the value of the given period list of goods when valued at base period prices?”.

3. Dorbish and Bowley’s Method: Dorbish and Bowley have suggested simple arithmetic mean of the two indices (Laspeyres and Paasche) mentioned above so as to take into account the influence of both the periods, i.e. current as well as base periods. 
The formula for constructing the index is:
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where  L= Laspeyres Index, P=Paasche Index

          or  
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4. Fisher’s ‘Ideal’ Method: Prof. Irving Fisher has given a number of formulae for constructing index number and of these he calls one as the ‘ideal’ index. The Fisher’s Ideal Index is given by the formula:
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It  will be clear from the above formula that Fisher’s Ideal Index is the geometric mean of the Lasperes and Paasche indices.

The above formula is known as ‘Ideal’ because of the following reasons:

i. It is based on the geometric mean which is theoretically considered to be the best average for constructing index numbers.

ii. It takes into account both current year as well as base year prices and quantities.

iii. It satisfies both the time reversal test as well as the factor reversal test as suggested by Fisher

iv. It is free from bias. The two formulae (Laspeyres’ and Paache’s) that embody the opposing types and weight biases are, in the ideal formula, crossed geometrically, i.e., by an averaging process that of itself has no bias. The result is the complete cancellation of biases of the kinds revealed by time reversal and factor reversal tests.

5. Marshall-Edgeworth Method: In this method also both the current year as well as base year prices and quantities are considered. The formula for constructing the index is:
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          or opening the brackets
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It is a simple, readily constructed measure, giving a very close approximation to the results obtained by the ideal formula.

 6. Kelly’s Method: T.L Kelly has suggested the following formula for constructing index number:
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Here weights are the quantities which may refer to some period, not necessarily the base year or current year. Thus the average quantity of two or more years may be used as weights. If in the Kelly’s formula the average of the quantities of two years is used as weights, the formula becomes
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Example-11.3:
  Construct index numbers of price from the following data by applying:

1. Laspeyres’ method,

2. Paasche’s method,

3. Bowley’s method,

4. Fisher’s method, and 

5. Marshall-Edgeworth method

	Commodity
	1990
	2000

	
	Price
	Quantity
	Price
	Quantity

	A
	2
	8
	4
	5

	B
	5
	10
	6
	6

	C
	4
	14
	5
	10

	D
	2
	19
	2
	13


Solution: CALCULATION OF VARIOUS INDICES

	Commodity
	1990
	2000
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	Price
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	A
	2
	8
	4
	6
	32
	16
	24
	12

	B
	5
	10
	6
	5
	60
	50
	30
	25

	C
	4
	14
	5
	10
	70
	56
	50
	40

	D
	2
	19
	2
	13
	38
	38
	26
	26
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1. Laspeyres’ Method: 
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2. Paasche’s Method: 
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3. Bowley’s Method:
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4. Fisher’s Ideal Method:
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5. Marshall-Edgeworth Method:
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LESSON-12
Time Series Analysis

 [Ref: Consult your Text Book,   Chapter –XII:  pp-  381 – 386]

Time Series Analysis

When we observe numerical data at different points of time, the set of observations is known as time series. For example, if we observe production, sales, imports, etc., at different points of time, say, over the last 5 or 10 years, the set of observations formed shall constitute time series. Thus, in the analysis of time series, time is the most important factor because the variable is related to time which may be either year, month, week, day, hour or even minute or second.

	Role of Time Series Analysis

It helps in the understanding of past behavior

It helps in planning future operations

It helps in evaluating current accomplishments

It facilitates comparison


Components of Time Series

It is customary to classify the fluctuations of a time series into four basic types of variations which account for the changes in the series over a period of time. These four types of patterns, variations, movements, or, as they are often called components or elements of time series, are:

	           Secular Trend.
         Seasonal Variations.

          Cyclical Variations.       Irregular Variations.


In traditional or classical time series analysis, it is ordinarily assumed that there is a multiplicative relationship between these four components, that is, it is assumed that any particular value in series is the product of factors than can be attributed to the various components.
 Symbolically:
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Where Y is the result of the four elements
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If the above model is employed, the seasonal, cyclical and random items are not viewed as absolute amounts but rather as relative influences.

Straight Line Trend—Methods of Measurement

The following methods are used for measuring trend:

	      The Freehand or Graphic Method

       The Semi-average Method.

       The Method of Least Squares.

        Moving Average Method


Each of these methods is discussed below:

1.
Freehand or Graphic Method

This is the simplest method of studying trend. Under this method the given data are plotted on a graph paper and a trend line is fitted to the data just by inspecting the graph of the series. There is no formal statistical criterion whereby the adequacy of such a line can be judged and it depends on the judgment of the statistician. However, as a rough guide the line should be so drawn that it passes between the plotted points in such a manner that the fluctuations in one side are approximately equal to those in the other side of the line and that it shows a general movement.

The trend line drawn by the freehand method can be extended to predict future values. However, since the freehand curve fitting may be subjective, this method should not be used as a basis for prediction.

2
Method of Semi-Averages

When this method is used the given data are divided into two parts, preferably, with the equal number of years. In case of odd number of years like, 9,13,17 etc., two equal parts can be made simply  ignoring the middle year.

After the data have been divided into two parts, an average (arithmetic mean) of each part is obtained. We thus get two points. Each point is plotted at the mid-point of the class interval covered by the respective part and then the two points are joined by a straight line which gives us the required trend line. The line can be extended downwards or upwards to get intermediate values or to predict future values.

The following example shall illustrate the application of this method.

Example-12.1: 
 Fit a trend line to the following data by the method of semi-averages:

	Year
	Sales of Firm A

(thousand units)
	Year
	Sales of Firm A

(thousand units)

	1994
	102
	1998
	108

	1995
	105
	1999
	116

	1996
	114
	2000
	112

	1997
	110
	
	


Solution:  
Since seven years are given, the middle year shall be omitted and an average of the first three years and the last three years shall be obtained. The average of the first three years is 
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 and the average of the last three years is 
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Thus, we get two points 107 and 112 which shall be plotted corresponding to their respective middle years, i.e., 1995 and 1999. By joining these two points we shall obtain the required trend line. The line can be extended and can be used either for prediction or for determining intermediate values.

3
Method of Least Squares.

This method is most widely used in practice. When this method is applied, a trend line is fitted to the data in such a manner that the following two conditions are satisfied:

(1) 
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i.e., the sum of deviations of the actual values of Y and the computed values of Y is zero.

(2) 
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i.e., the sum of the squares of the deviations of the actual and computed values is least from this line. That is why this method is called the method of least squares. The line obtained by this method is known as the line of ‘best fit’. The method of least squares can be used either to fit a straight line trend or a parabolic trend.

The straight line trend is represented by the equation 
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Where 
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 denotes the trend (computed) values to distinguish then from the actual Y values, a is the Y intercept or the value of the Y variable when X=0, b represents slope of the line or the amount of change in Y variable that is associated with a change of one unit in X variable. The X variable in time series analysis represents time.

In order to determine the value of the constants a and b the following two normal equations are to be solved
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where N represents number of years (months or any other time period) for which data are given.

It should be noted that the first equation is nearly the summation of the given function, the second is the summation of X multiplied by the given function.

We can measure the variable X from any point of time in origin such as the first year. But the calculations are very much simplified when the mid-point in time is taken as the origin because in that case the negative values in the first half of the series balance out the positive values in the second half so that 
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 In other words, the time variable is measured as a deviation from its mean. Since 
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the above two normal equations would take the form:
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The values of a and b can now be determined easily.

Since 
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Since 
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The constant a give the arithmetic mean of Y and the constant b indicates the rate of change.

It should be noted that in case of odd number of years when the deviations are taken from the middle years, 
[image: image517.wmf]X

S

would always be zero, provided there is no gap in the data given. However, in case of even number of years also 
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will be zero if the X origin is placed midway between the two middle years. Hence both in odd as well as in even number of years we can use the simple procedure of determining the values of the constant a and b.

Example-12.2:
 Below are given the figures of year wise production (in thousand quintals) of a sugar factory:

	Year

Production
	1983
	1984
	1985
	1986
	1987
	1988
	1989

	(in .000 qtl.)
	80
	90
	92
	83
	94
	99
	92


i) Fit a straight line trend to these figures.

ii) Plot these figures on a graph and show the trend line

iii) Estimate the likely sales of the company during 1990

Solution:
(i) FITTING THE STRAIGHT LINE TREND

	Year
	Production

(.000 qtl.)

Y
	Deviations

from middle

year X
	XY
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	Trend Values

	1983
	80
	-3
	-240
	9
	84

	1984
	90
	-2
	-180
	4
	86

	1985
	92
	-1
	-92
	1
	88

	1986
	83
	0
	0
	0
	90

	1987
	94
	+1
	+94
	1
	92

	1988
	99
	+2
	+198
	4
	94

	1989
	92
	+3
	+276
	9
	96

	N=7
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The equation of the straight line is: 
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Since 
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Hence the equation of the straight line trend is 
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(ii) Trend line is given below:

Production  


                                     Year
(iii) The year 1990 Corresponds to x = + 4, so the likely sales of the Company during 1990 is:
 y = 90 + 2. 4 = 98 (000 qtl)
4
Method of Moving Averages

When a trend is to be determined by the method of moving averages, the average value for a number of years (or months. or weeks) is secured, and this average is taken as the normal or trend value for the unit of time falling at the middle of the period covered in the calculation of the average. The effect of averaging is to give a smoother curve, lessening the influence of the fluctuations that pull the annual figures away from the general trend.

While applying this method, it is necessary to select a period for moving average such as 3-yearly moving average, 6-yearly moving average, 8-yearly moving average, etc. The period of moving average is to be decided in the light of the length of the cycle. Since the moving average method is most commonly applied to data which are characterized by cyclical movements, it is necessary to select a period for moving average which coincides with the length of cycle, otherwise the cycle will not be entirely removed. This danger is more severe, the shorter the time period represented by the average. When the period of moving average and the period of the cycle do not coincide the moving average will display a cycle which has the same period as the cycle in the data, but which has less amplitude than the cycle in the data. Often we find that the cycles in the data are not of uniform length. In such a case we should take a moving average period equal to or somewhat greater than the average period of the cycle in the data. Ordinarily the necessary period will range between three and ten years for general business series but even longer periods are required for certain types of data.

The formula for 3 yearly moving average will be:
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and for 5 yearly moving average
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Example-12.3:
 Calculate the 5 yearly and 7 yearly moving average for the following data of a number of commercial industrial failures in a country during 1985 to 2000.
	Year
	No. of failures
	Year
	No. of failures

	1985
	23
	1993
	9

	1986
	26
	1994
	13

	1987
	28
	1995
	11

	1988
	32
	1996
	14

	1989
	20
	1997
	12

	1990
	12
	1998
	9

	1991
	12
	1999
	3

	1992
	10
	2000
	1


Solution: 
CALCULATION OF 5-YEARLY AND 7-YEARLY MOVING AVERAGE
	Year
	No. of failures
	5-yearly moving totals
	5-yearly moving average
	7-yearly moving  totals
	7-yearly moving average

	1985
	23
	--
	---
	---
	---

	1986
	26
	--
	---
	---
	---

	1987
	28
	129
	25.8 or 26
	---
	---

	1988
	32
	118
	23.6=24
	153
	21.9 or 22

	1989
	20
	104
	20.8=21
	140
	20.0=20

	1990
	12
	86
	17.2=17
	123
	17.6=18

	1991
	12
	63
	12.6=13
	108
	15.4=15

	1992
	10
	56
	11.2=11
	87
	12.4=12

	1993
	9
	55
	11.0=11
	81
	11.6=12

	1994
	13
	57
	11.4=11
	81
	11.6=12

	1995
	11
	59
	11.8=12
	78
	11.1=11

	1996
	14
	59
	11.8=12
	71
	10.1=10

	1997
	12
	39
	9.8=10
	63
	9.0=9

	1998
	9
	--
	7.8=8
	--
	--

	1999
	3
	--
	---
	--
	--

	2000
	1
	
	---
	--
	--


If the period of moving average is even, say, four-yearly or six-yearly, the moving total and moving average which are placed at the centre of the time span from which they are computed fall between two time periods. This placement is inconvenient since the moving average so placed would not coincide with an original time period. We, therefore, synchronize moving averages and original data. This process is called centering and consists of taking a two-period moving average of the moving averages.

LESSON-13
[Ref:  Consult your Text Book, Chapter –XII:  pp-  387 – 430]

MEASUREMENT OF SEASONAL VARIATIONS
Most of the phenomena in economics and business show seasonal patterns. When data expressed annually there is no seasonal variation. However, monthly or quarterly data frequently exhibit strong seasonal movements and considerable interest attaches to devising a pattern of average seasonal variation. For example, if we observe the sales of a bookseller, we find that of the quarter January-March (when most of the students purchase books), sales are maximum. If we know, how much the sales of this quarter are usually above or below the previous quarter for seasonal reasons, we shall be able to answer a very basic question, namely, was this due to an underlaying upward tendency or simply because this quarter is usually seasonally higher than the previous quarter?

There are several methods of measuring seasonal variation. However, the following methods that are more popularly used in practice are discussed below:

	Method of Simple Averages 

Ratio-to trend Method.

Ratio-to Moving Average Method

Link Relatives Method


Method of Simple Averages

This is the simplest method of obtaining a seasonal index. The following steps are necessary for calculating the index:

(i)
Average the unadjusted data by years and months (or quarters if quarterly data are given).

(ii)
Find totals of January, February, etc.

(iii) 
Divide each total by the number of years for which data are given. For example,   if we are given monthly data for five years then we shall first obtain total for each month for five years and divide each total by 5 to obtain an average.

(iv) 
Obtain and average of monthly averages by dividing the total of monthly averages by 12.

(v)
Taking the average of monthly averages as 100, compute the percentage of various monthly averages as follows:

Seasonal Index for January:
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If, instead of the average of each month, the totals of each month are obtained, we will get the same result.

Ratio-to Trend Method

This method of calculating a seasonal index (also known as the percentage to trend method) is relatively simple and yet an improvement over the method of simple average explained in the preceding section. This method assumes that seasonal variation for a given month is constant fraction of trend. The ratio-to trend method presumably isolates the seasonal factors in the following manner. Trend is eliminated when the ratios are computed. In effect:
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Random elements are supposed to disappear when the ratios are averaged. A careful selection of the period of years used in the computation is expected to cause the influences of prosperity or depression to offset each other and thus remove the cycle. For series that are not subject to pronounced cyclical or random influences and for which trend can be computed accurately, this method may suffice. The steps in the computation of seasonal index by this method are:

1. Trend values are obtained by applying the method of least squares.

2. The next step is to divide the original data month by month by the corresponding trend values and to multiply these ratios by 100. The values so obtained are now free from trend and the problem that remains is to free them also of irregular and cyclical movements.

3. In order to free the values from irregular and cyclical movements the figures given for the various years for January, February, etc., are averaged with any on of the usual measures of central value, for instance, the median or the mean. If the data are examined month by month, it is sometimes possible to ascribe a definite cause to usually high or low values. When such causes are found to be associated with irregular variations (extremely bad weather, an earthquake, famine and the like) they may be cast out and the mean of the remaining items is referred to as a modified mean. Since such scrutiny of the data requires considerable knowledge of prevailing condition and is to a large extent subjective, it is often described to use the median which is generally not affected by very high or very low values.

4. The seasonal index for each month is expressed as a percentage of the average month. The sum of 12 values must equal 1,200 or 100%. If it does not, an adjustment is made by multiplying each index by a suitable factor
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. This give the final seasonal index.
Ratio-to-Moving Average Method

The ratio-to-moving average, also known as the percentage of moving average method, is the most widely used method of measuring seasonal variations. The steps necessary for determining seasonal pattern by this method are: 

1. Eliminate seasonality from the data by ironing it out from the original data. Since seasonal variations recur every year-that is, since the fluctuations have a time span of 12 months- a centered 12 month moving average tends to eliminate these fluctuations. (In case of quarterly data, a centered 4 quarter moving average must be used.) The centered 12 month moving average which aims to eliminate seasonal and irregular fluctuations (S and I) represents the remaining elements of the original data, namely, trend and cycles. Thus, the centered 12 month moving average approximates T.C.

2. Express the original data for each month as percentage of the centered 12-month moving average corresponding to it.

3. Divide each monthly item of the original data by the corresponding 12-month moving average, and list the quotients as ‘Percent of Moving Average’. We have now succeeded in eliminating from the original data to a considerable extent the disturbing influence of trend and cycles. It remains to rid the data of irregular variations. By averaging these percentages, for a given month (step 4) the irregular factors tend to cancel out and the average itself reflects the seasonal influence also.

4. The purpose of this step is to average, and in process of averaging to eliminate the irregular factors. We assume that the relatively high or extremely low values of seasonal relatives for any month are caused by irregular factors. The elimination of extremes may be achieved while we are averaging all Januarys Februarys and the like. We do this by using an appropriate type to average. The median is appropriate since it is not affected by extremes. Thus, by using the median as an average we can obtain the typical seasonal relative for each month which will not be affected by irregular factors. Sometimes a so-called modified mean is used as an average for each month. Here, extreme values are omitted before the arithmetic mean is taken. In an array of seasonal relatives for each month, a value or several values on one and or both ends may be dropped and then the arithmetic mean of the remaining seasonal relatives is taken. A separate table is prepared in which the calculations involved in this step are shown. These means are preliminary seasonal indexes. They should average 100 percent or total 1,200 for 12 months by definition.

5. If the total is not equal to 1200 or 100 per cent, an adjustment is made to eliminate the discrepancy. The adjustment consists of multiplying average of each month obtained in step 4 by 
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 . This adjustment is made not only to achieve accuracy, but also because when we come to eliminate seasonality from the original data we do not wish to raise or lower the level of the data unduly. Thus, if a seasonal index aggregates more than 1200, (or averages more than 100) then the original data adjusted in terms of it will total less than the unadjusted original data. If it totals less than 1200, the opposite would be true. The logical reasoning behind this method follows from the fact that 12-month moving average can be considered to represent the influence of cycle and trend C 
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T. If the actual value for any month is divided by the 12 month moving average centered to that month, presumably cycle and trend are removed. This may be represented by the following expression:
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 Thus the ration to the moving average, from which this method gets its name, represents irregular and seasonal influences. If the rations for each worked over a period of years are then averaged most random influences will usually be eliminated. Hence, in effect.  
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Link Relatives Method:
Among all the methods of measuring seasonal variation, link relatives method is the most difficult one. When this method is adopted the following steps are taken to calculate the seasonal variation indices:

(i) Calculate the link relatives of the seasonal figures. Link relatives are calculated by dividing the figure of each season by the figure immediately preceding season and multiplying it by 100.
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                               These percentages are called link relatives since they link each month 
( or quarter or other time period) to the preceding one.

(ii) Calculating the average of the link relatives for each season. While calculating average we might take arithmetic average but the median is probably better. The arithmetic average would give undue weight to extreme cases which were not due to primarily to seasonal influences.

(iii) Convert these averages into chain relatives on the base of first season.

(iv) Calculate the chain relatives of the first season on the base of last season. There will be some difference between the chain relative of the first season and the chain relative calculated by the previous method. This difference will be due to the effect of long-term changes. It is, therefore, necessary to correct these chain relatives.

(v) For correction, the chain relative of the first season calculated by first method is deducted from the chain relative (of the first season) calculated by the second method. The difference is divided by the number of seasons. The resulting figure multiplied by 1, 2, 3 ( and so on) is deducted restively from the chain relatives of the 2nd , 3rd , 4th  (and so on) seasons. These are correct chain relatives.

(vi) Express the corrected chain relatives as percentage of their averages. These provide the required seasonal indices by the method of link relatives. 
 
MEASUREMENT OF CYCLICAL VARIATIONS

Business cycles are perhaps the most important type of fluctuation in economic data. Certainly, they have received a lot of attention in economic literature. Despite the importance of business cycles, they are most difficult type of economic fluctuation to measure. This is because successive cycles vary widely in timing, amplitude and pattern, and because the cyclical rhythm is inextricably mixed with irregular factors. Because of these reasons it is impossible to construct meaningful typical cycle indexes of curves similar to those that have been developed for trends and seasonal. The various methods used for measuring cyclical variations are:

	Residual method.

Reference cycle analysis method

Direct method

Harmonic analysis method


Only the first two methods which are popular for simplicity only the first one is discussed here.
Residual Method

Among all the methods of arriving at estimates of the cyclical movements of time series, the residual method is most commonly used. This method consists of eliminating seasonal variation and trend, thus obtaining the cyclical irregular movements. Symbolically and
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The data are usually smoothed in order to obtain the cyclical movements, which are sometimes termed the cyclical relatives, since they are always percentages. It is because cyclical, irregular or the cyclical movements remain as residuals that this procedure is referred to as the residual method.
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